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Abstract
In this paper, we discuss the oscillation criterion of y′(t) for the solution y(t) of the more general functional differential equation.(
r(t)ψ(y(t))ϕ(y′(t))
)′ + p(t) f (y(g(t))) = 0 (E)
where ψ, f and g satisfy some suitable conditions.
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The purpose of this work is to extend a result of Travis [1] concerning the oscillation criterion of y ′(t) for the
solution y(t) of the second-order functional differential equation
y ′′(t) + p(t) f (y(g(t))) = 0
to the more general functional differential equation(
r(t)ψ(y(t))ϕ(y ′(t))
)′ + p(t) f (y(g(t))) = 0 (E)
where
(C1) r, p, g ∈ C([a,∞),R) with r(t) > 0 on [a,∞) for some a ≥ 0 and limt→∞ g(t) = ∞;
(C2) ϕ,ψ ∈ C(R,R), xϕ(x) > 0 for x 	= 0, ϕ is strictly increasing onR and there exist two constants k1, k2 ∈ (0,∞)
such that k1 ≤ ψ(x) ≤ k2 for all x 	= 0;
(C3) f ∈ C1(R,R), x f (x) > 0 and f ′(x) ≥ 0 for x 	= 0.
For related results, we refer the reader to [2,3].
We now state and prove our main result as follows:
Theorem 1. Let g ∈ C1 ([a,∞),R) and g′(t) ≥ 0 on [a,∞). Assume that∫ ∞
p(t)dt = ∞ (H1)
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and ∫ ∞
ϕ−1
(
c
r(s)
)
ds = −∞ for every c < 0. (H2)
If y(t) is a solution of (E), then y ′(t) is oscillatory.
Proof. If y(t) is an oscillatory solution of (E) on [a,∞), then y ′(t) is oscillatory on [a,∞). Without loss of generality,
we may assume that y(t) is an eventually positive solution of (E) on [a,∞); then it follows from condition (C1) that
y(g(t)) is also eventually positive. Hence f (y(g(t))) > 0. We can divide our proof into the following three cases:
(A) y ′(t) > 0, for t large enough,
(B) y ′(t) < 0, for t large enough,
(C) y ′(t) is oscillatory.
Case (A). In this case, let
w(t) = r(t)ϕ(y
′(t))ψ(y(t))
f (y(g(t))) ;
then
w′(t) =
(
r(t)ϕ(y ′(t))ψ(y(t))
)′
f (y(g(t))) −
r(t)ϕ(y ′(t))ψ(y(t)) f ′(y(g(t)))y ′(g(t))g′(t)
f 2(y(g(t)))
≤ −p(t)
on [T,∞), where T ≥ a is large enough. Integrating the above inequality from T to t (>T ), we get
w(t) − w(T ) ≤ −
∫ t
T
p(s)ds.
This and (H1) imply w(t) < 0, and hence y ′(t) < 0 for t large enough. This is a contradiction.
Case (B). y ′(t) < 0 for t large enough. It follows from (H1) that there exists a number T ≥ a such that∫ t
T
p(s)ds ≥ 0 for t ≥ T .
Hence,∫ t
T
p(s) f (y(g(s)))ds =
(
f (y(g(s)))
∫ s
T
p(u)du
)∣∣∣∣
s=t
s=T
−
∫ t
T
f ′(y(g(s)))y ′(g(s))g′(s)
(∫ s
T
p(u)du
)
ds
= f (y(g(t)))
∫ t
T
p(u)du −
∫ t
T
f ′(y(g(s)))y ′(g(s))g′(s)
(∫ s
T
p(u)du
)
ds
≥ 0.
Integrating (E) from T to t (>T ) and using the above inequality, we have∫ t
T
(
r(s)ψ(y(s))ϕ(y ′(s))
)′ ds = −
∫ t
T
p(s) f (y(g(s)))ds ≤ 0,
which implies
r(t)ψ(y(t))ϕ(y ′(t)) ≤ r(T )ψ(y(T ))ϕ(y ′(T )) < 0.
Thus, it follows from condition (C2) that
ϕ(y ′(t)) ≤ k
r(t)
< 0
for some constants k < 0, and hence,
y ′(t) ≤ ϕ−1
(
k
r(t)
)
.
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Integrating the above inequality from T to t (≥ T ), we get
y(t) − y(T ) ≤
∫ t
T
ϕ−1
(
k
r(s)
)
ds.
This and (H2) imply limt→∞ y(t) = −∞. This contradicts y(t) being eventually positive on [a,∞). Thus, we have
proved that y ′(t) is oscillatory.
Letting ψ(s) = 1 and ϕ(y) = f (y) = |y|p−2y, (E) is reduced to(
r(t)|y ′(t)|p−2 y ′(t)
)′ + p(t)|y(g(t))|p−2y(g(t)) = 0, (E1)
where p > 1.
Clearly, the inverse of ϕ is ϕ−1(s) = |s| 1p−1 sgn(s). Thus we have the following:
Theorem 2. Let g ∈ C1 ([a,∞),R) and g′(t) ≥ 0 on [a,∞). Assume that (H1) and
∫ ∞ ∣∣∣∣ cr(s)
∣∣∣∣
1
p−1
ds = ∞ for every c < 0 (H3)
hold. If y(t) is a solution of (E1), then y ′(t) is oscillatory.
Example 3. Consider the second-order functional differential equations(
1
t
(y ′(t))3
)′
+ 1
t
y3(2t) = 0, t ≥ 1. (E2)
Clearly, f (x) = x3, ψ(x) = 1, ϕ(x) = x3, r(t) = 1t , p(t) = 1t , f ′(x) = 3x2 ≥ 0 and ϕ−1(x) = x1/3 for x ∈ R.
Since
∫∞ p(t)dt = ∞ and ∫∞( k
r(s)
)1/3ds = −∞ for k < 0, it follows from Theorem 1 that y ′(t) is oscillatory if
y(t) is a solution of (E2). Clearly, Theorem 1 of Travis [1] cannot be applied to Eq. (E2).
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